A dual pair of supersymmetric string theories that involves an asymmetric orbifold and an orientifold of Type II is considered. The D-branes of the orbifold theory (that were recently determined by Gutperle) are all non-BPS and do not carry any conserved gauge charges. It is shown that they carry non-trivial K-theory charges, and that they can be understood in terms of branes wrapping certain homology classes of the M-theory compactification. Using the adiabatic argument, dual partners of some of these non-BPS D-branes are proposed.
Introduction
Recently much progress has been made in the study of non-BPS solitonic states in string theory [1] . A number of stable non-BPS D-branes have been constructed explicitly, most notably for certain orbifold theories [2, 3, 4, 5, 6] , and Type I (and Type IA) [7, 8, 9, 10, 11] .
All of these stable non-BPS D-branes can be elegantly characterized in terms of K-theory [12] .
Non-BPS D-branes play a crucial role for our understanding of the strong-weak coupling dualities of certain supersymmetric string theories. While the dualities are most easily tested on the BPS spectrum of the theory, the duality map actually has to relate the whole spectrum of the two theories to one another. In particular, it is therefore interesting to understand what happens to some of the non-BPS states under this map. In some examples it was possible to identify the image of certain perturbative non-BPS states of one theory with non-BPS D-brane states of the dual theory [7, 5, 11] . In all of these cases, a crucial ingredient for the identification of these non-BPS states was the fact that they were the lightest states carrying a conserved gauge charge.
In this paper we consider a dual pair of supersymmetric string theories that relates an asymmetric orbifold to an orientifold of Type II. The D-branes of the orbifold theory were recently determined by Gutperle [6] . All of these D-branes are in fact non-BPS and do not carry any conserved gauge charges. We confirm that these non-BPS D-branes are indeed stable by determining the corresponding K-theory groups which turn out to be Z Z 2 in each case. (The situation is therefore similar to the case studied in [13] , see also [14] .)
We then explain how these K-theory groups can be thought to arise from the cohomology of the corresponding M-theory compactification.
‡ The relation between K-theory classes of R-R fields and cohomology in M-theory has recently received much attention [16, 17, 18] .
In particular, it was shown in [16, 17] that the partition function for the R-R p-form fields of Type IIA (that are classified by K-theory) agrees with the partition function for the p-form fields in M-theory (that are classified by a certain subset of cohomology). Some direct identifications between K-theory and cohomology classes were also found in [18] .
The duality of the two string theories can be understood to originate from the duality of the corresponding theories before orbifolding or orientifolding, using the adiabatic argument of [19] . Some of the non-BPS D-branes of the orbifold theory have a direct interpretation in terms of brane anti-brane pairs in the original theory. We can therefore use the known duality relations for the theories before orbifolding and orientifolding to make a proposal for the duals of these non-BPS D-branes. These proposals can then be checked against the description of the non-BPS D-branes in terms of branes wrapping homology cycles of the M-theory compactification. We also make some speculations about the duals of some of the other non-BPS D-branes.
The paper is organised as follows. In section 2 we describe the different theories as well as their D-brane spectra and duality relations in detail. The latter are confirmed in section 3 by comparing the mass formulae for the BPS states in the different theories. In section 4 we explain how the D-branes can be understood in terms of M-branes wrapping homology cycles of the underlying M-theory compactification. In section 5 we make some proposals for the duals of certain non-BPS D-branes of the orbifold theory and perform various consistency checks. Section 6 contains some conclusions and open questions. We have included an appendix in which we give the details of the computation of the K-theory classes for the Type II orbifold theories.
The duality relations and the D-brane spectrum
In this paper we want to consider the duality between the orbifold of Type IIB 10 , while the coupling constant of the orbifold theory is proportional to R Figure 1 Duality relations in 8-dimensions.
More specifically, the relations between the moduli of the two IIB theories are given as
where R i is any of the radii (including i = 9). Here and in the following we shall set α ′ = 1.
Together with the T-duality relations
this then implies the relations for the IIA moduli
These relations can be re-derived in terms of M-theory by setting
together with
Here, the radii without suffix are measured in M-theory. The formulae differ from those given by Hořava and Witten [23] by some factors of two, reflecting the fact that the moduli are effectively describing the double cover of the Klein bottle.
The D-brane spectrum
The orbifold theories have (0, 16) supersymmetry, while the supersymmetry of the orientifold theories is (8, 8) . The latter theories therefore have BPS D-branes, while all the D-brane states of the orbifold theories are necessarily non-BPS. For the following it will be useful to summarise the D-brane spectra of the different theories.
For the case of the IIB orbifold theory in nine dimensions the D-branes (and their boundary states) have been determined in [6] . There are two kinds of branes that are distinguished by the boundary condition in the compact 9-direction. Following the convention introduced in [24] we denote these D-branes as D(r,0) or D(r,1), where r + 1 is the number of Neumann directions transverse to x 9 , and the former branes are Dirichlet with respect to x 9 , while the latter have a Neumann boundary condition. It follows from the analysis of [6] that both kinds of branes exist provided that r is even (odd) in IIA (IIB). Furthermore, for given such r, the two branes D(r,0) and D(r,1) can decay into one another depending on the size of the radius in the compact x 9 direction.
In the spirit of [12] the charges of these D-branes are classified by K-theory. Orbifold theories involving the action of (−1) F L are described by the Hopkins groups K ± [12] , and the K-theory group that classifies D-brane charges in our context is therefore
Here r + 1 is the number of Neumann directions transverse to x 9 . In writing (2.9) we have used the standard notation IR p+q ≃ IR p,q to indicate that the (geometrical part of the) Z Z 2 -orbifold generator acts on the first p coordinates as −1, and we have denoted by S p,q the p + q − 1 sphere in IR p,q ; we have also used the short hand notation S p = S 0,p+1 .
On the circle S 2,0 the action of Z Z 2 corresponds then precisely to the half-shift σ 1
2
(that accompanies (−1) F L in the action of the orbifold generator). We have computed the groups (2.9) in appendix A. For the IIB orbifold we obtain
This is in agreement with the D-brane spectrum that was found by Gutperle in [6] . † For the IIA orbifold we obtain similarly
These K-theory calculations imply in particular that a single non-BPS D-brane is (topologically) stable, whereas an even number of such D-branes can decay into the vacuum.
The Z Z 2 nature of the charge can be understood from the fact that the D(r, 0) branes may be described in terms of brane anti-brane pairs in the theory before orbifolding [6] . † Since the two branes D(r,0) and D(r,1) can decay into one another, they define the same K-theory class.
The D-branes of the IIB orientifold theory in nine dimensions were determined in [10] by computing the K-theory groups KSC(X); the results are summarised in table 1. Upon compactifying on an additional circle and using T-duality (along x 8 ), the result for the IIA orientifold theory (in eight dimensions) can be derived from the above.
Comparison of BPS states
In order to check the duality relations (2.4) we shall next compare the mass formulae for the BPS states of the two IIB theories. We shall deal with the different classes of states in turn.
Massless states. In the NS-NS sector of the orbifold theory we have the massless bosonic states (with zero momentum) corresponding to the graviton, the B µν field and the dilaton;
in the orientifold theory, the graviton and dilaton come from the NS-NS sector, while the B µν field arises in the R-R sector. Again, these are massless (and do not carry any momentum).
9-momentum states. In the untwisted NS-NS sector of the orbifold theory we have bosonic states that have even momentum,
Their mass in the orbifold theory is M IIB = 2|m| R 9
IIB
, and in TypeĨ the mass is
Thus these states are (closed string) momentum states in TypeĨ whose momentum is again even. In addition, there are bosonic states with odd momentum: in the orbifold theory these arise in the untwisted R-R sector (and therefore have (−1)
, and in the orientifold theory their eigenvalue under Ω is Ω = −1.
9-winding states. The lightest bosonic state with 9-winding arises in the twisted NS-NS sector, and it is characterised by
where n ∈ Z Z. The IIB mass is
, and in terms of TypeĨ this is 8-momentum states. The analysis is fairly analogous to the case of 9-momentum: the states without momentum and winding in the 9-direction all come from the untwisted NS-NS sector, and they can have arbitrary integer 8-momentum. Using the same formula as before, these states correspond to (closed string) states inĨ that have arbitrary integer 8-momentum (and are invariant under Ω). ‡ A priori, there is an ambiguity in defining the Z Z 2 shift action, that differs in the way the shift operator acts on winding states [19] . If the action of σ 1 2 inĨ was non-trivial on winding states, the boundary state would not be invariant, and the BPS spectrum of the two theories would not agree.
8-winding states. The case of winding in the 8-direction is more interesting. Again, the states without momentum and winding in the 9-direction all come from the untwisted NS-NS sector in the orbifold theory. Their momentum is now given by 5) and thus the mass is M IIB = |n|R 8 IIB . In terms of TypeĨ this is
This corresponds to two D1-branes that wrap the 8-direction. This is necessary in order to have an orientifold invariant combination: the two D1-branes have to sit at the opposite points of the x 9 -circle in order to be invariant under σ 1
2
. In fact, this is one of the BPS D-branes that was discussed in [10] .
There is one interesting lesson that can be drawn from this analysis that will prove useful later on. In the theory before orbifolding or orientifolding, S-duality exchanges Under the duality map, this becomes 11) and therefore correspond to two D0-branes; this is again required in order to obtain an orientifold invariant configuration.
All of these states can be thought of as arising from M-theory where they correspond to states with mass
The relevant states are KK-momentum states with momentum along 9 and 10, and membrane winding states, respectively. In the untwisted sector of the orbifold theory, all quantum numbers are integers, but in the twisted sector we also have states for which the 9-winding number m is half-integer. From the point of view of M-theory, these states will therefore define new kinds of twisted membrane states. Given our limited understanding of M-theory orbifolds, we do not know how to derive the existence of these states directly in terms of M-theory. (In particular, they do not seem to be necessary for the cancellation of gravitational anomalies as in [23] ; the situation is therefore similar to what was found in [25] .) However, given that the relevant states in the orbifold theory are BPS, these states must be present in the M-theory spectrum.
K-theory charges from M-theory cohomology
Recently it has been proposed that K-theory fluxes in Type IIA string theory may be related to certain M-theory cohomology classes [16, 17, 18] . Before proceeding, we want to explore a related question for the case at hand, namely whether the K-theoretic D-brane charges of the IIA orbifold theory can be understood in terms of M-theory cohomology.
This is of particular interest in our case since the D-brane charges are all pure torsion. Non-BPS states in M-theory have been discussed before in [26, 27] , where they were constructed out of M-brane anti-M-brane pairs by tachyon condensation, and in [15] where they were obtained by lifting non-BPS configurations in a IIA orientifold theory to 11-dimensions; our analysis here will be similar in spirit to the latter approach.
For the theory in question M-theory is compactified on a Klein bottle (times the 10-circle that does not play a role in the following since it is common to both M-theory and the IIA orbifold). Since the Klein bottle K is not orientable there are two kinds of (co)homologies: normal integral (co)homology and 'twisted' (co)homology which takes coefficients in Z Z. Here Z Z is the Z Z 2 -module where Z Z 2 acts by the non-trivial representation (for details on twisted (co)homologies see for example [28] ). The normal integral homology of K is given by
and the corresponding integral cohomology is
The 'twisted' (co)homology H ( * ) * (K, Z Z) can be obtained from a twisted version of Poincaré duality
where, in our case, d = 2.
Under the action of the M-theory orbifold, the 3-form changes sign, and therefore the membrane reverses its orientation. This implies that the membrane can only wrap on 'twisted' homology cycles H n (K, Z Z). It follows from (4.3) and (4.2) that there are two Z Zcycles for n = 1 and n = 2, and a Z Z 2 cycle for n = 0. Wrapping the membrane around the 2-cycle gives rise to a fundamental string with 9-winding in the orbifold theory, whereas the membrane that is wrapped around the 1-cycle produces a fundamental string state without 9-winding. Both of these states are indeed BPS (and carry Z Z charge). On the other hand, the Z Z 2 0-cycle corresponds to the non-BPS D(2,0) brane of the IIA orbifold theory. This brane can be thought of as coming from a D2-brane anti-brane pair in the theory before orbifolding (where the two branes sit at opposite points of the 9-circle). Naively this would seem to lift to a M2-brane anti-brane pair; however, the above description in terms of a twisted homology class suggests that the configuration actually comes from a single M2-brane that 'wraps' this twisted cycle.
The other extended object in M-theory is the M5-brane that is unaffected by the orbifold action, and that should therefore only wrap around untwisted cycles H n (K, Z Z).
It follows from (4.1) that there are two Z Z-cycles for n = 0 and n = 1, as well as a Z Z 2 cycle for n = 1. If we 'wrap' the M5-brane around the 0-cycle, we obtain the NS 5-brane in the orbifold theory, whilst wrapping the M5-brane around the Z Z 1-cycle gives rise to a NS 5-brane that wraps the 9-direction. (This is an allowed configuration since the NS 5-brane is invariant under (−1) F L .) On the other hand, the Z Z 2 1-cycle corresponds to the non-BPS D(4,0) brane of the orbifold theory. Again this brane can be thought of as coming from a D4 anti-D4-brane pair in the theory before orbifolding which naively lifts to M5 anti-M5-brane pair in M-theory. However, the above homology analysis suggests again that one can think of this as a single M5-brane wrapping the Z Z 2 homology 1-cycle.
Identifying non-BPS states
In this section we shall attempt to identify the non-BPS D-brane states of the IIB orbifold theory with non-BPS states of the dual TypeĨ theory. We shall also explain how our proposals tie in with the description of the T-dual non-BPS states of the IIA orbifold in terms of M-theory.
As we have reviewed in section 2, there are two types of D-branes states in the IIB orbifold theory that can decay into one another depending on the radius of the circle in the 9-direction [6] (2r − 1, 0) ←→ (2r − 1, 1) . has non-trivial components in the untwisted NS-NS as well as the twisted R-R sector; its interpretation in terms of Type IIB branes is therefore not clear.
The D(3,0) brane
There is one non-BPS D-brane of the orbifold theory that can be quite easily identified with a non-BPS state of TypeĨ: this is the D(3,0) brane that has an interpretation in terms of a brane anti-brane pair of the Type IIB theory. We know that in the theory before orbifolding and orientifolding, the D3-brane of Type IIB is self-dual. Thus we should expect that the D(3,0) brane of the orbifold theory corresponds to a D-brane in TypeĨ that can be made out of a D3-brane at x 9 = a together with an anti-D3-brane at
The corresponding boundary state describes in fact precisely the D(3,0) brane of TypeĨ that was constructed in [10] . Thus we have identified
Both of these D-branes are Z Z 2 charged, and the reason is the same in both cases: if we have two such branes, we can move the D3-brane of one combination to come close to the anti-D3-brane of the other, and they annihilate. 
The D(1,0) brane
Next let us consider the D(1,0) brane of the IIB orbifold theory. As we have explained before, this brane can be thought to consist of a D1-brane at x 9 = 0, together with an anti-D1-brane at x 9 = πR 9 . Under S-duality, one should therefore expect that this state corresponds to something like
in TypeĨ. Here we have assumed that the D(1,0) brane wraps along the x 8 direction.
The above argument is fairly analogous to the one we put forward for the BPS 8-winding states. In that case we saw that the actual dual state was not (5.3), but rather the lowest momentum component; so we propose now that the dual of the D(1,0) brane of the orbifold theory is the superposition
Here |w 8 , p 9 describes the momentum and winding of the 128 bosonic states that are the lowest GSO-invariant states in the NS-NS and R-R sector, and similarly for the fermions.
In order for the above superposition to be invariant under the orientifold projection, we have to choose ǫ to be the eigenvalue of the corresponding state under the action of Ω, 
IIB-orbifold TypeĨ
where w i is the winding number in the (compact) direction along which the D(1,0) brane wraps.
As before, we can check whether this proposal makes sense in the T-dual IIA picture. 
A speculation
As is explained in [6] is proportional to R 9 IIB , and therefore that the regimes of stability are at least qualitatively related to one another. This then suggests that we can also identify IIB-orbifold TypeĨ
However, it should be clear that this argument is somewhat unreliable since the actual relation between the moduli is R
, and thus R 9 IIB can also become large if gĨ becomes small (for arbitrary R
I
). Furthermore, in the regime in which the Mtheory description (that interpolates between the two dual string theories) is valid we have R 8 , R 9 , R 10 ≫ 1, and therefore both R 
Conclusions and outlook
In this paper we have analysed the duality between the asymmetric orbifold IIB/(−1) It would be interesting to perform a similar analysis for the case of the CHL string [29] which corresponds to M-theory on a Möbius strip. It would also be illuminating to understand how the (non-BPS) D-branes of the Type IA theory can be understood in terms of M-theory homology cycles, and in particular, how the gauge charges of the D-string [11] arise from this point of view. Finally, it may be interesting to study fluxes in these models along the lines of [18] .
where the suffix 'cpt' denotes K-theory groups with compact support. Since S 2,0 is a retract of S 8−r × S 2,0 we can write
Together with the relation (A.1) this implies
Further it follows from the Künneth formula [31] that It therefore remains to compute the K-theory groups K * Z Z2 ,cpt (S 2,0 × IR 1,0 ). † These can be computed by using the long exact sequence
where K(X) denotes the reduced K-theory group, K(X) = K(X) ⊕ Z Z. Next we observe that S 2,0 /Z Z 2 = IRP 1 , and therefore
Given the results of [32, 33] it then follows that This implies that K n (S 2,0 ) = Z Z for all n (since the reduced and unreduced K-theory groups differ by Z Z for n even only). Putting these results in the long exact sequence (A.7)
we then find
The map between K Using the identity that follows from (A.1) 15) and similar arguments as above, we obtain an analogue of (A.6) where now IR 1,0 is replaced by IR 1,1 . We can then use the suspension isomorphism This reproduces (2.11).
